Abstract. In this paper, we describe all automorphism-liftable torsion modules over non-primitive hereditary Noetherian prime rings. We also study automorphism-liftable non-torsion modules over not necessarily commutative Dedekind prime rings.
Introduction
All considered rings are associative and contain the non-zero identity element. Writing expressions of the form "A is a non-primitive ring or a Noetherian ring" we mean that A is not a right and left primitive ring or the both A A and A A are Noetherian.
1.1.
Automorphism-liftable, strongly automorphism-liftable, endomorphism-liftable, and quasi-projective modules.
A module M is said to be automorphism-liftable 1 (resp., strongly automorphism-liftable) if for any epimorphism h : M →M and every automorphismf of the moduleM , there exists an endomorphism (resp., automorphism) f of the module M withf h = hf .
A module M is said to be endomorphism-liftable if for any epimorphism h : M →M and every endomorphismf of the moduleM , there exists an endomorphism f of the module M withf h = hf . In the above definitions, without loss of generality, we can assume thatM is an arbitrary factor module of the module M and h : M →M is the natural epimorphism.
It is clear that all strongly automorphism-liftable modules and all endomorphism-liftables modules are automorphism-liftable.
Endomorphism-liftable modules and Abelian groups were studied in many papers under various names; e.g., see [3] , [6] , [10] , [11] , [12] , [15] . In particular, endomorphism-liftable Abelian groups were studied in [6] and [3] ; endomorphism-liftable modules over non-primitive hereditary Noetherian prime rings were studied in [11] , [12] .
Automorphism-liftable Z-modules.
Any quasi-cyclic Abelian group Z(p ∞ ) is an endomorphism-liftable (automorphism-liftable) non-quasi-projective Z-module.
The ring of integers Z is an automorphism-liftable Z-module which is not strongly automorphism-liftable. Indeed, letf be an automorphism of the simple Z-module Z/5Z such thatf multiplies all elements of this module by 3. Since the only non-identity automorphism of the module Z Z coincides with the multiplication by −1, the projective module Z Z is not strongly automorphism-liftable.
A.P.Mishina [6] completely described strongly automorphism-liftable Abelian groups, i.e., strongly automorphism-liftable Z-modules. It follows from this description that strongly automorphism-liftable Z-modules are torsion automorphism-liftable Z-modules. In [1] , A.N.Abyzov and T.C.Quynh described torsion automorphism-liftable 2 Z-modules; it follows from this description and results of A.P.Mishina [6] that the strongly automorphismliftable Z-modules coincide with torsion automorphism-liftable Z-modules.
1.3. Non-primitive hereditary Noetherian prime rings. The ring Z is a very partial case of a non-primitive hereditary Noetherian prime ring.
3
A ring A is said to be right bounded (resp., left bounded) if every its essential right (resp., left) ideal contains a non-zero ideal of the ring A. If A is a non-primitive hereditary Noetherian prime ring, then A is not a right or left Artinian; see [4] . Every hereditary Noetherian prime ring A is a primitive ring or a bounded ring and if A is a primitive bounded ring, then A is a simple Artinian ring; see [4] .
Let A be a Noetherian prime ring. It is well known that the ring A has the simple Artinian classical ring of fractions Q. An ideal B of the ring A is called an invertible ideal if there exists a subbimodule B −1 of the bimodule
The maximal elements of the set of all 2 In this paper, automorphism-liftable modules are called dually automorphismextendable. Automorphism-liftable modules are also studied in [7] .
3 A module is said to be hereditary if all its submodules are projective.
proper invertible ideals of the ring A are called maximal invertible ideals of the ring A. The set of all maximal invertible ideals of the ring A is denoted by P(A). If P ∈ P(A), then the submodule {m ∈ M | mP n = 0, n = 1, 2, . . .} is called the P -primary component of the module M; it is denoted by M(P ). If M = M(P ) for some P ∈ P(A), then M is called a primary module or a P -primary module.
In connection with 1.2, we prove Theorem 1.4 which is the first main result of this paper. This theorem generalizes the description of torsion automorphism-liftable Z-modules from [1] for the case of singular modules over non-primitive hereditary Noetherian prime rings. The second main result of this paper is Theorem 1.7, where the description of singular automorphism-liftable modules from Theorem 1.4 is specified in the case, where A is a non-primitive Dedekind prime ring.
Theorem. If
A is a non-primitive Dedekind prime ring and M is a singular right A-module, then the module M is automorphism-liftable if and only if every P -primary component M(P ) of the module M is either the direct sum of isomorphic cyclic uniserial modules of finite length or a uniserial injective module M(P ) such that all proper submodules are cyclic and form a countable chain
such that all subsequent factors of this chain are isomorphic simple modules and M(P )/x k A ∼ = M(P )/x k+1 A for all k = 0, 1, 2, . . .. [8] . If R is a non-primitive Dedekind prime ring with simple Artinian ring of fractions Q, then the following conditions are equivalent.
Theorem
1) Q R is a quasi-projective module.
2) R = D n , where D is a local principal right (left) domain which is complete in the topology defined by powers of the Jacobson radical J(D).
In this case, R is a Dedekind prime ring, J(R) is a maximal ideal, and R Q is a quasi-projective module.
A ring R is called a special Dedekind prime ring if R satisfies Theorem 1.8.
The third main result of this paper is Theorem 1.9, where all automorphismliftable A-modules are described in the case, where A is a non-primitive Dedekind prime ring with 1 2 .
1.9. Theorem. Let A be a non-primitive Dedekind prime ring with b) If M is a mixed module, then M is endomorphism-liftable if and only if M = T ⊕F , where T is a torsion injective module such that all primary components are indecomposable and F is a finitely generated projective module. c) If M is a torsion-free module, then M is endomorphism-liftable if and only if either M is projective or A is a special ring with classical ring of fractions Q and M = E ⊕ F , where E is a minimal right ideal of the ring Q, F is a finitely generated projective module, and n is a positive integer.
We give some necessary definitions and notation.
Let A be a ring and M a right A-module.
We denote by J(A) the Jacobson radical of A. We denote by r(X) the annihilator in the ring A of the subset X of the module M.
We denote by T (M) the set of all elements of M whose annihilators contain a non-zero-divisor; the set T (M) is called the torsion part of the module M. If T (M) = 0 (resp., 0 = T (M) = M), then M is said to be torsion-free module (resp., mixed). Every module is a torsion module, or a torsion-free module, or a mixed module.
A module M is said to be projective with respect to the module N (or Nprojective) if for any epimorphism h : N →N and every homomorphism f : M →N, there exists a homomorphism f : M → N with hf =f . Thus, quasi-projective modules coincide with the modules which are projective with respect to itself. Clearly, in the definition of the relative projectivity, it is sufficient to consider only the case, where h : N →N is the natural epimorphism of the module N onto its arbitrary factor moduleN .
A module is said to be uniserial if any two of its submodules are comparable with respect to inclusion. For a module M, a submodule X of M is said to be essential (in M) if X has the non-zero intersection with any non-zero submodule of the module M. A module M is said to be finite-dimensional if M does not contain an infinite direct sum of non-zero submodules. 2) if N, P and Q are three submodules of the module M, then the relation N = P + Q is equivalent to the property that
3) the module M is automorphism-liftable if and only if each of the modules M i are automorphism-liftable.
Proof. 1) and 2). The assertions are proved in [13, Lemma 2.1(1), (2)].
3. The assertion follows from 1) and 2). 
Lemma. If
Proof. The equivalence of conditions 2), 3) and 4) is proved in [12, Lemma 13] .
2) ⇒ 1). The assertion is always true. Proof. For an arbitrary torsion A-module M and every its submodule N, we have N = ⊕ i∈I (N M i ); see [13, Lemma 2.2(1)]. Therefore, our assertion follows from Lemma 2.4.
Remark. If
A is a non-primitive hereditary Noetherian prime ring, then the structure of indecomposable injective torsion A-modules is known; e.g., see [8] and [9] . Namely, the indecomposable injective torsion A-modules coincide with the primary modules M such that all proper submodules of M are cyclic uniserial primary modules and form a countable chain
all subsequent factors of this chain are simple modules and there exists a positive integer n such that x k A ∼ = x k+n /x n A and M(P )/x k A ∼ = M(P )/x k+n A for all k = 0, 1, 2, . . .. If A is a non-primitive Dedekind prime ring, then n = 1. 3 Proof of Theorem 1.9
Idempotent-liftable modules and π-projective modules.
A module M is said to be idempotent-liftable if for any epimorphism h : M → M and every idempotent endomorphismf of the moduleM , there exists an endomorphism f of the module M withf h = hf . Without loss of generality, we can assume thatM is an arbitrary factor module of the module M and h : M →M is the natural epimorphism.
A module M is said to be π-projective if for any its submodules X and Y with X + Y = M, there exist endomorphisms f and g of the module M with [16, p.359] ). The idempotent-liftable modules coincide with the π-projective modules; see Lemma 3.2.
It is clear that every endomorphism-liftable module is idempotent-liftable. If
A is a uniserial principal right (left) ideal domain with division ring of fractions Q which is not complete with respect to the J(A)-adic topology, then Q is an idempotent-liftable A-module which is not endomorphism-liftable.
The class of all idempotent-liftable modules contains all modules such that all their factor modules are indecomposable, all projective modules, all uniserial modules, and all local modules. In particular, all cyclic modules over local rings and all free modules are idempotent-liftable.
3.2. Lemma. For a module M, the following conditions are equivalent.
1) M is an idempotent-liftable module.
2) M is a π-projective module.
Proof. 1) ⇒ 2). Let M = X + Y be an idempotent-liftable module, N = X ∩ Y ,M = M/N,X = X/N,f ,ḡ 1 natural projections of the modulē M =X ⊕Ȳ onto the componentsX,Ȳ , respectively, and h the natural epimorphism from the module M ontoM . Since M is an idempotent-liftable module, there are two endomorphisms f , g 1 of the module M such that f h = hf ,ḡ 1 h = hg 1 . It is easy to see that f M ⊆ X, g 1 M ⊆ Y . Since f + g 1 coincides with the identity mapping onM , we have 3.3. Lemma. If A is a ring with 1 2 and M is a right A-module, then every idempotent endomorphism of the module M is the sum of two automorphisms of the module M; in particular, every automorphism-liftable (resp., automorphism-extendable 6 ) right A-module is a idempotent-liftable (resp., idempotent-extendable 7 ).
Proof. Let f be an idempotent endomorphism of the module M.
· u, where a) M is a torsion module such that every primary component is either an indecomposable injective module or direct sum of isomorphic cyclic modules of finite length; b) M = T ⊕ F , where T is a non-zero injective torsion module such that every primary component is an indecomposable module and F is a non-zero finitely generated projective module; c) M is a projective module or there exist two positive integers k and n such that the ring A is isomorphic to the ring of all k × k matrices D k over some uniserial principal right (left) ideal domain D, M = X ⊕ Y , X is the finite direct sum of non-zero injective indecomposable torsion-free modules X 1 , . . . , X n , Y is a finitely generated projective module, and either n = 1 or n ≥ 2 and D is a complete domain.
3.5. Theorem [12] . Let A be a non-primitive hereditary Noetherian prime 6 A module M is said to be automorphism-extendable if every automorphism of any its submodule can be extended to an endomorphism of the module M .
7 A module M is said to be idempotent-extendable if every idempotent endomorphism of any its submodule can be extended to an endomorphism of the module M . c) If M is a torsion-free module, then M is endomorphism-liftable if and only if either M is projective or A is a special ring with classical ring of fractions Q and M = E n ⊕ F , where E is a minimal right ideal of the ring Q, F is a finitely generated projective module, and n is a positive integer.
3.6. Theorem [11, Theorem 2] . If A is a non-primitive hereditary Noetherian prime ring, then a right A-module M is quasi-projective if and only if either M is a torsion module and every its primary component is a projective A/r(M)-module, or M is projective, or A is a special ring and M = E ⊕ F , where E is an injective finite-dimensional torsion-free module and F is a finitely generated projective module.
3.7. Lemma. If M is an automorphism-liftable module with local endomorphism ring End M, then M is an endomorphism-liftable module.
Proof. Let h : M →M be an epimorphism andf an endomorphism of the moduleM. Iff is an automorphism of the moduleM , then it follows from the assumption that there exists an endomorphism f of the module M that f h = hf . We assume thatf is not an automorphism of the module M. By assumption, the ring End M is local. Therefore, 1M −f is an automorphism of the moduleM . Since M is an automorphism-liftable module, there exists an endomorphism g of the module M such that (1M −f )h = hg. We denote by f the endomorphism 1 − g of the module M. Since h − 1M h = 0, we have
Therefore, M is an endomorphism-liftable module. c) If M is a torsion-free module, then M is endomorphism-liftable if and only if either M is projective or A is a special ring with classical ring of fractions Q and M = E ⊕ F , where E is a minimal right ideal of the ring Q, F is a finitely generated projective module, and n is a positive integer.
Proof. If one of the conditions a, b or c holds, then it follows from Theorem 3.5 that M is an endomorphism-liftable module. In particular, M is an automorphism-liftable, idempotent-liftable module. Now let M be an automorphism-liftable, idempotent-liftable module. By Lemma 3.2, M is a π-projective module. By Theorem 3.4, either one of the conditions a and b of our theorem holds or the following condition holds: there exist two positive integers k and n such that the ring A is isomorphic to the ring of all k ×k matrices D k over some uniserial Noetherian domain D, M = X ⊕ Y , X is a finite direct sum of non-zero injective indecomposable torsion-free modules X 1 , . . . , X n , Y is a finitely generated projective module and either n = 1 or n ≥ 2 and D is a complete domain.
If n ≥ 2 and D is a complete domain, then A is a special ring, which is required. Now we assume that n = 1. Then A = D is a uniserial principal right (left) ideal domain with classical division ring of fractions Q = E. Since Q A = E A is a direct summand of the automorphism-liftable module M, we have that Q A is an automorphism-liftable module. Since the ring End Q A isomorphic to the division ring Q, we have that Q A is an endomorphism-liftable module, by Lemma 3.7. By Theorem 3.5, A is a special ring.
3.9. Completion of the proof of Theorem 1.9. By Lemma 3.3, every automorphism-liftable right A-module is an idempotent-liftable module. Therefore, Theorem 1.9 follows from Theorem 3.8. ] be the formal power series ring, and let M = F ((x)) be the Laurent series ring. Then A is a commutative nonprimitive Dedekind domain and M is a strongly automorphism-liftable Amodule which is not singular.
Remarks and Open Questions

4.4.
For a non-primitive Dedekind prime ring A, describe automorphismliftable A-modules and strongly automorphism-liftable A-modules. The answer to this question is related to the study invertible elements of the ring A and automorphisms of cyclic A-modules. 
